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INTRODUCTIION TO COMPLEX NUMBERS

Louis E. Diamond

Foreword.

The purpose of this article is to present an elementary introduc-
tion to complex numbers with a glance at some applications. The intent
is to present the concepts intuitively, more or less as they probably
originated, rather than formally by a rigorous procedure of definitions
and postulates.-Inevitably this leads to some repetitions in state-
ments but in an elementary presentation this is not a pedagogical
fault. A brief review of the history of camplex numbers is interesting
and relevant. The first introduction of imaginary numbers occurred in
connection with the solution of cubic equations. During the 16th cen-
tury Italian mathematicians of the then famous university of Bologna
discovered that sometimes correct answers could be obtained more ex-
peditiously if they assumed 1) a symbol, i, 2) i2 = -1, and 3) in
other respects treated i as an ordinary number. One of \Cardano's
problems was “Divide 10 into two parts whose product is 40.” Cardano
was intrigued by the answer but at the same time he was very doubtful
of the method. For several hundred years mathematicians continued to
play with the concept. Euler (1707-1783) achieved brilliant results
by the use of complex numbers but the fundamental principles of their
logic was either not deemed important or was completely misunderstood.
Struik ways that in the 18th century “There was experimentation with
infinite series, with infinite products, ... With the use of symbols
such as 0, ®, /27, ... Much of the work of the leading mathematicians
impresses us as wildly enthusiastic experimentation.”

Wessel, a Danish mathematician, probably furnished the first logical
foundation for complex numbers, but his paper *On the Analytical Re-
presentation of Direction,’ presented in 1797, was unknown to mathe-
maticians until republished one hundred years later. Argand, a Paris
accountant, also presented in 1806 a logical foundation but his work
appears to have received very little attention. Actually Gauss (1777-
1855) first used the phrase complex number, the symbol i for the
imaginary unit, and introduced mathematicians to the true theory of
these numbers. Gauss’ work was followed by that of Cauchy (1789-1857)
and that of Riemann (1826-1866). From their works has arisen the com-
plex function theory which is basic and indispensable for advanced
mathematics, and even for a full comprehension of the more elementary
theorems of algebraic analysis. The point to be emphasized is this.
More than 200 years passed before mathematicians placed complex
numbers upon a firm logical basis.

233
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The Equation (1 + 1 /3)? = .8,

The study of imaginaries arose fram the solution of cubic equations.
Let x> + 8 = 0. Then (x + 2)(x2- 20 +4)=0. (x+2)[(x - )% + (/3)Z]= 0,

Hence x= -2, or (x-1)2= -(\3). The quantity (/3)2 is a positive real
number, and ~(v3)? is anegative real number. It iscclearly brought out in
the elementary study of exponents that the even root of a negative
number cannot be either a positive number, a negative number, or zero.
Hence the equation x3+ 8 =0 has only one solution, -2, in real numbers,
and the equation x2 -2x+4 =0 has no solution in real numbers. In
elementary work it is usual procedure at this point to introduce an
“ imaginary number,” symbolized by i, whose square, i?, is equal to
-1, and which combines with other numbers according to the ordinary
laws of algebra. Actually the student is passing from the algebra of
real numbers to the algebra of complex numbers, and all the theorems
of one system are not valid in the other.

By the device of changing -1 into a square, (x-1)2 = -(+3)? can
now be rewritten as (x -1)2 = i 2(/3)2 and hence x -1 =:ti/§-,and
x =1+ iV3, Selecting the value 1 + iv3, using the binomical expan-
sion (1 + )3 =1+ 3x + 3x2 + x3, and assuming that i can be operated
with as a real number, (1 +iv/3)2= 1 +3iv/3 +9i2 + (i2)(i)(3 /3).
Since i 2 = -1, this simplifies to -8 and hence (1 + iV3) is a cube
root of -8. Similarly (1 - ©v3) is shown to be a cube root of -8. A
real number can have only one cube root. The operation with i has
introduced two additional cube roots for -8. Evidently the algebra is
no longer that of real numbers and we should not expect all real number
theorems to be valid. In real numbers if 43 = B3, 4 = B. (1 + 1/3)3 =
(1+i/3)3 =(-2)2. 1+ iv3= -2 or i =-v3 and 12=V3 which is clear-
ly inconsistent with the assumption that i2 = -1, In fact (1 - /73)3=
(1+1/3)3 =(-2)2 bue 1 - /3 #1 + V3% -2,

The algebraic sum of 1 - iv3 and 1 + iV3 is 2.- Multiplying 1 - i3
by 1 + i/3 we obtain 1 + iV3 - iv3 - 3i2, or 4. The student might
conclude with Cardano that he has divided two into two parts whose
product is 4, that 1 - iV3 is one of thse parts. Like Cardano he
might conclude that this result was subtle, probably useless, and
above all worthy of the name ‘‘imaginary-’

Thses questions now arise. Can ‘numbers’ such as 1 + iv/3and 1 - W3
be factors of 4 in the sense that 1 and 4, and 2 and 2, are factors
of 4?7 Can the sum of these two numbers be the real number two, 1in the
sense that 1 + 1 = 2? What is the geometrical interpretation of the
numbers which have the form A+ B¥, where A and B are taken from the
real number field? we now consider the last question.
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The Argand Diagram

A Swiss engineer, Argand, (1768-1822), utilized a simple geometric
theorem in his interpretation of the symbol i. In Fig. 1 triangle
ABC is right angled at B. OB, of length F, is perpendicular to the
hypotenuse of ABC, dividing the hypotenuse into two segments, AO,
whose Iength is E, and OC whose length is D. By the pythagorean
theorem

(E +D)2 =AC?2 = AB2 + BC2. AB2=F2 + E2, BC? =F2?2 4+ p?

ED =F2 or E/F=F/D, F =VED.

If three numbers, E, F, and D have this relation, F is said to be
the geometric mean of E and D.

8
r
A £ 5 P c

Fig. 1
Y
Al
au

~A+B4 el —t - .

N (R A +Bt
8 N\
\

\
LI = Ly -
-A ol ' + ,% +‘4 g
/

~asd V' : A-B<

Fig. 2

In Figure 2 x'x may be called the axis of reals. To the right of
the origin 0, the real number +1 corresponds to the endpoint of an
arbitrary unit of length. The number +A corresponds to the endpoint
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of an arbitrary length of A units to the right of 0. The numbers -1
and -A correspond respectively to the endpoints of the unit of length,
and of an arbitrary length of A units, to the left of 0. Y'Y, the
axis of imaginaries, is perpendicular at 0 to the axis of reals. The
triangle whose vertices are the points -1, +1, and B, is clearly
right angled at B so that from the preceding theorem F= VDG =
V-1 = i, Analogously the geometric mean of +A.and -A is 'Ai.
vV(-A)(4) = /-4 = 4i.

Argand considered that the “multiplication” of A by i was the
algebraic equivalent of a geometric counterclockwise rotation about0
of the directed line segment 0A through an angle whose measure was
7/2 radians. The terminal point of the rotated segment became 4i, the
length of the segment being unaltered. In other words i acted upon
the directed magnitude 0A to change its direction by 90° counter-
clockwise without changing its magnitude. A second “multiplication’
by i rotates the line segment Ai counterclockwise about 0 through 7/2
radians so that its terminal point is now -A. These two successive
operations by i constitute the operation i2which is equivalent to
the ordinary multiplication of A by -1. The operation i’ brings the
. terminal point to -Ai, or i3 = i2%i = -1i = -i, The operation i? is
equivalent to the operation -i. By defining the operation -i as a
clockwise rotation about 0 through 7/2 radians, the operation.i3= -1
is consistent. Four successive operations by i, or the operation i
brings the terminal point of the line segment back to tA. This is
equivalent to ordinary multiplication of +4 by +1. i2i2 = (-1)(-1) =+1;
Complex numbers are thus conceived of, not simply as magnitudes, but
as directed magnitudes. Particularly note that i. as an operator has
no effect upon magnitude but only upon the directionof the magnitude.

The Complex Number, A + Bi.

We first set up the so-called complex plane. Let 0 be anarbitrary
fixed origin, Ox a fixed line through 0, analogous to the positive
x axis, and &' a fixed line through 0 analogous to the negativex
axis. With an arbitrary unit of length, distances are marked off on Ox
and designated by 1,2,3,... . With the same arbitrary unit of length,
distances are marked off on Ox' and designated by -1,-2,... . 20z’ is
called the axis of reals. The complex plane can be divided into four
quadrants by a line, called the axis of imaginaries, perpendicular
to x' 0x through the origin. Essentially this is shown in Figure 2.

The complex number,tA +Bi can be regarded as instructions for
locating the position of its terminal point in the complex ' plane
with respect to the chosen origin. This point is reached by two dis-
placements, the first one along x'0x to the number A on Ox, ifAis
positive, to-the number -A on 0x' if A is negative. The symbol i now
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rotates the displacement about A or -A, counterclockwise through 7/2
radians if Bi is positive, clockwise if Bi is negative. The second
displacement then proceeds a length B along this line perpendicular
to x'0x and parallel to the axis of imaginaries. Hence A Bi will be
in the first quadrant with -4 - Bi, in the third quadrant, both sym-
metrically placed with respect to the origin. -A * Bi will be in the
second quadrant with A - Bi in the fourth quadrant, both symmetric
with respect to the origin. The two directed displacements, A and
Bi, determine a distance from the origin, usually symbolized byR,
and commonly called the modulus or absolute value of the complex number
This distance has the magiitude (42 + B2)%. Two complex numbers,
which differ only in the sign of the Bi term are called conjugate.
The complex number is usually symbolized by z, its conjugate by Z,
(bar above). As examples the terminal points of the conjugates,
1 +v37 and 1 - /31 are shown in Figure 2. Since the positive square
root of 12 + (/3)2 is 2, the modulus of each number is 2 and both
terminal points lie on the circumference of a circle whose center is
the origin and whose radius is 2 units in lenth. The third cube root

of -8, -2, also lies on this circumference, all three roots spaced
equally.

The Trigonometric Form of z.

The direction of the complex number A + Bi is given both by ¢=
sin~! B/R and ¢ = cos"! A/R. For example 1 + V3i. ¢ = sin~! V3/2.
b =cos~! 1/2. ¢ = 60°, 1 -V3i. ¢ = sin~' «/3/2. ¢ = cos -11/2.
¢ =-60°. The equation ¢ =tan~! B/A does not unambiguously give
the quadrant in which the terminal point of the complex number lies.
For example, for 1 + V3i, ¢ = tan~! V3 gives both the correct answer,
60°, and the answer 240° which is valid for -1 - v3i. The measure
in radians of the angle ¢ is called the argument or the amplitude of
the complex number.

Since A =R cos ¢ and B =R sin ¢, A + Bi has the equivalent re-
presentation R cos ¢ + i R sin ¢ or R(cos ¢ + i sin ¢). ¢ isthe nu-
merically smallest angle that is consistent with the equations. The
sine and cosine are periodic, with period 27. This form of 2z, the
complex number, is called the trigonometric form while A *+ Bi is the
normal form.

Addition of Complex Numbers

The “sum’’ of A, +B4{ and A, + B,i is defined as follows. Carry
out the operation which brings a point from the origin to the point
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Ay + Byi. Then follow this operation from the point A, + B,i by a
displacement which is parallel to and equal to the displacement
which carries a point from the origin to A, +B,i. If z;, = A, + B,i
and z, =A, + Byi, z; + 2, =23 =(4; +4,) + (B, +B,)i. If
points z, and z, are not collinear with point 0, the point z;is the
4th vertex of a parallelogram whose sides are 0z, and 0z,. The addition
of 1 - /31 and 1 + V3{ is shown in Figure 2

A + Bi and -A - Bi represent two directed magnitudes whose moduli
are equal but which are oppositely directed. Their sum is the complex
number (A - A) + (B - B)i = 0 + 0i. This complex number is analogous
to the real number zero.

The word sum in complex numbers therefore merely implies that we
consider the combined effect of two displacements, i.e. the single
displacement equivalent to the two displacements combined. An opera-
tion is called assoctiative if, when it is used on three or more
arbitrary elements, the result is independent of the manner in which
the elements are grouped for computing. Symbolically (z1 +2,) + 2y =
z, + (z2 + z3) . It can be proved that addition is associative,

An operation is called commutative if the result obtained by its
use on two arbitrary elements taken ina certain order is the same
as the result obtained by its use on the same two elements taken in
the opposite order. Addition is commutative. In Fig. 2 we intuitively

see that (1 + iv3) + (1 -0 v3) = (1 - iV3) + (1 + iv3).

Multiplication of Complex Numbers.

The product of (4; + Byi) by (4, + B,i) is defined as (444, - B;B;)
+i(Ale+ AzBi)‘ The rules of real number multiplication are used,
i.e. associative, commutative, and distributive with respect to
addition. When we state that multiplication is distributive with
respect tc addition and subtraction, we mean that it is true for
all elements z of the complex number system that z;(z, + zy - z,)=
z}zz + 2423 - 2,2, for example (1 + i2)(4 + Bi) = 1(4 + Bi) +
i“(A+ Bi) =A +Bi - A -Bi =0 + 0i, The outstanding difference
between real number multiplication and complex number multiplication
is the change of 12 to -1 whenever it occurs. The geometrical in-
terpretation of multiplication is mere readily visualized when complex
numbers are taken in their equivalent trigonometric form.

[R,(cos ¢, + i sin ¢;)][Ry(cos ¢, + i sin @,) =
RIRZ[(cos ¢, cos ¢2-sin ¢>1 sin ¢2) + i(cos ¢1 sin ¢2 +cos qbz sin ¢1)]

= BIRZ[(coszﬁi +&,) + i sin(d; + 452)]
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Clearly the modulus of the product is the product of the moduli of
the factors, and the amplitude or argument of the product is the
sum of the amplitudes of the factors, i.e. lengths are multiplied
and angles are added. This rule can be extended to any number of
factors. For example the product of N factors.whose moduli are each
unity is cos(¢1 + @, + oo+ D) +isin(P +P, + L.+ P

¢ = ¢ = ees = ¢n, an extremely important identity is obtalned.
(cos ¢ +1i sin @)® = cosn® +1i sinn¢, where n is a positive in-
teger. The extension to n othér than a positive integral exponent
will be discussed later.

Operators

In visualizing geometrically the multiplication of complex numbers
it is quite advantageous to regard the multiplier as an operator,
For example the complex number i, acting upon a directed magnitude,
leaves its magnitude unaltered but rotates its direction counter-
clockwise through an angle whose radian measure is 77/2. The operation
i2 is the operation i carried out twice successively. Thiscounter-
clockwise rotation of a directed magnitude through an angle of 7/2 +
7/2 = mradians is equivalent to multiplication by -1. The operation
i* is equivalent either to the operation i or the operation -i re-
peated consecutively four times. A rotation through 27 radians
either clockwise or counterclockwise leaves the direction unaltered
and is equivalent to multiplication by +1. Multipliers such as . 2, 3,
4, ... do not alter the direction of the directed magnitude but
they do multiply its magnitude by 2, 3, 4, ... Multipliers such as
-2, -3, -4, ... reverse the direction of the directed magnitude and
multiply its magnitude by 2, 3, 4, ... .

If z is a complex number, and z2 = i, we visualize z as an operator
which leaves magnitude unchanged but rotates a directed magnitude
counterclockwise through an angle whose measure is 7/4 radians.
This follows directly from the fact that in multiplication angles
are added, and the operator Vi acting twice successively rotates
the directed magnitude through 7/4 + 7/4 = 7/2 radians. The vis-
ualization of z2 = -i follows directly from the fact thatei represents
a clockwise rotation through 7/2 radians.

The complex number A + Bi can also be considered an operator or
direction coefficient which rotates any directed magnitude through
an angle theta which is defined by its sine and cosine as a function
of A and B. It also multiplies the modulus of the directed magnitude
by (42 + B?)%. For example 1 +V3 i rotates any directed magnitude
counterclockwise through an angle of 7/3 radians and multiplies its
length by 2. When 1 + /31 operates upon itself, the resulting
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complex number has a modulus of (2)(2) = 4, and ¢ = 7/3 + 7/3 = 271/3.
An operation on this product by 1 + 3 i yields a complex number
whose modulus is (4)(2) = 8, and whose amplitude is 7.

At this point we might ask, “What connection has an operator
with a number?” For an indirect answer consider the speedometer in
an auto. The rotation of the wheel is an operation, and a certain
operation adds one to the mileage. An adding machine acts on a
similar principle. From a practical standpoint any operation con-
sisting of a change in magnitude and of a rotation can be set up
in the form of a complex number, 4 + Bi, since it controls two
measures simultaneously and covers a plane instead of a line. As
an example consider a copper coil rotating in a magnetic field
whose direction and magnitude are changing with time.

In a similar manner we can regard the factor (cos ¢ + i sin @)
as an operator or direction coefficient which rotates any directed
magnitude counterclockwise through an angle of theta radians and
which leaves the magnitude unchanged. The factor R(cos ¢ + i sin ¢)
acts in exactly the same manner but multiplies the magnitude by K.
The operator 1(cos 7/2 + i sin 71/2) completely fulfills the earlier
definition of t.

The operator [cos (-¢) + i sin (-¢)] rotates a complex number
through an angle -¢. The cosine is an even function, i.e. cos (=) =.
cos ¢. The sine is an odd function, i.e. sin (-¢) = » sin ¢. Hence
we can equivalently write (cos ¢ - i sin¢),If|a complex number is
operated upon by (cos ¢ + isin ¢) and then by (cos ¢ - isin ¢)
the potation through ¢ and then through -¢ with magnitude unchanged
leaves the complex number unchanged. The operator product
(cos ¢ + i sin P)(cos d - i sin ¢) = _cosqu + sin“® = 1,. i.e. it
leaves magnitude and direction unaltered. By analogy with real
numbers (cos ® + i sin ¢)(cos P + i sin P)~! = (cos ¢ + i sin $)° = 1.
Hence (cos ¢ + i sin ¢)~! is defined as (cos ¢ - i sin ¢). A meaning
is thus given to negative exponents.

Division

Since division is the inverse of multiplication, z, /z2 is that
complex number which yields z, when multiplied by z,.

z2,/2, =R (cos ¢, + i sin ¢;) /Ry(cos ¢, + i sin P,)
=(Rl/Ré)[(cos ¢, + i sin ¢;)(cos ¢, + i sin ¢2)’1]
=(R /R lcos(@; -¢)) + i sin(@; - ¢))].

The modulus of the quotient is equal to the quotient of the moduli
and the amplitude to the difference of amplitudes of the dividend
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and divisor, i.e. in division we divide moduli and take the dif-
ference of angles.

As in real numbers z, must not be the complex number zero.Division
by zero has no meaning. If (C + Di) # 0 + 0i, then

(A +Bi)/(C +Di) = (4 + Bi)(C - Di)/ (C + Di)(C- DD

(AC +BD)/(C2+D?) - i[(BC-AD)/(C?+ D?)]

Since

(cos @ +isin @)™ = [cos(-¢) + i sin (-P]® =cos(-n$) + i sin(-np)

the identity developed previously holds for negative integral ex-
ponents.

Equality, real part, imaginary part.

If A +Bi =C + Di, then by definition 4 = C, and B = D. From
geometrical considerations this definition offers no contradictions.
Deeply established in the literature are the words real part for A4,
and imaginary part for B of the complex number A + Bi. These names,
real and imaginary, originated in the days before there was a logical
basis for complex numbers. The axis which we have called x'0x is
called the axis of reals and the axis through the origin perpendi-
cular to the axis of reals is called the axis of imaginaries. De-
spite their inappropriateness in the modern approach, their usage
is so firmly established in the literature, and convenience of
expression is so great that their usage cannot be avoided. The use
of the words real number;.imaginary number, pure imaginary, rational
integer, etc. merely implies that these numbers are to be regarded
as imbedded in the complex number system as subsets thereof. In a
succeeding paragraph we shall bring up certain distinctions between
real numbers and complex numbers.

If two complex numbers are equal, it follows from the definition
of equality that their moduli are equal. Observe, however, that the
converse is not true. Geometrically if the moduli of two complex
numbers are equal, their terminal points lie on the circumference of
a circle whose center is the origin and whose radius has the length
of the modulus. Since two conjugate complex numbers differ only in
the sign of i, their moduli are the images of each otherin the real
axis. (see Figure 2)

The Symbolic form of the complex number.

Since a complex number consists of a magnitude and the radian
measure of an angle, this number pair offers a convenient geometric
representation of the complex number. This number pair is ordered,
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i.e. it is agreed to write the modulus first and the radian measure
of the angle second. The modulus of a complex number is always
positive and is usually designated by R. The radian measure of the
angle is designated by ¢, hence the general number pair is (R, ¢).
Clearly the same geometric position is reached if ¢ is replaced by
¢+ 27, ¢ +4m ... The result is ambiguous unless it is agreed
that .
0<d<2m or 02> -27

As examples (1,0) is equivalent to 1+ 0i, (1,7) to -1+ Oi,
(1,7/2) to 0 + i. We can also write i* = (1,0),, .-i= (1,37/2)
= (1, -m/2). If z; = (Ry,#,) and z, = (R,,¢,), 2,2, is defined
as (R\R, ¢, + ¢,). zi/z ;» z, not the complex number zero, is
defined as (R, /Rz, P, - ¢2)-

With this notation consider an operator w whose modulus is 1 and
whose radian measure is 27/3, i.e. the complex number - % + i v3/2.
Operating upon itself we obtain a complex number w?, (1,477/3). Let
us now operate upon w2 by itself. The product, w*, is (1,87/3).
This is the same as (1,277/3), or w. @, not equal to w?, is a square
root of w?, and yet when we square w?, we find the square equal to
w, the square root of @?. Such an interesting result leads naturally
to an investigation of the operation of evolution, which is very
important in the theory of complex numbers.

Square roots, postulates of sign and order.

Let (R,,,) and (R,,®,) be two ways of denoting the same complex
number. By the definition of equality R, =R,, since both are
positive. ¢, = ¢,, or ¢, and ¢, differ by an integral multiple of
277, Let z = (R,qbs. Then u = (p,w) is said to be a square root of
z if u? = z. In that case (p?,2w) is identical with (R,$). Then
p=+vR, 20=¢ +2nm, @=¢/2+ nm, n an integer (including
zero). Hence @ has the two values, ¢/2 and ¢/2 + 7, or angles that
differ from them by an even integral multiple of 7. Consequently
u, = VR, ¢/2) and u, = WR,6/2 + 7). In particular if ¢ = 0 and
R= 1, the two square roots become (1,0) and(1,7). The important
point is this. Every complex number has two square roots. We have
already seen that every complex number has three cube roots. Con-
trast this situation with that applicable to real numbers.

In this paragraph we confine ourselves exclusively to the field
of real numbers. Every positive real number has two square roots,
one positive, one negative. A negative real number has no square
root. For example the real number, *16 has the two square roots,
+4 and -4. However -4 has no square root. Again t4 has two square
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roots, 2 and -2. Again -2 has no square roots.Loosely speaking,
The square roots descend continuously on the positive side only.
The convention is also adopted that VA for a positive real number,
A, means the positive square root of A. Every positive real number
has two and only two nth roots, n an even integer. Every positive
real number has one and only one nth root, n an odd integer. A
negative number has no even nth roots and has one and only one nth
root, n an odd integer, The law of trichotomy postulates that a
real number is either positive, negative, or zero. Geometrically
the real numbers correspond to points on a line. They are livearly
ordered, i.e. if a, b, and ¢ are arbitrary real numbers, a Z b
implies a>b or b>a. a<b implies a 7*76, and a <b and b<c imply a<c.

Geometrically the complex numbers are represented by the points
in a plane and they are not linearly ordered. If z and u are two
arbitrary complex numbers, either z = u, or z # u. No non-zero
point in the plane occupies a preferred position and there is no
satisfactory way to define the magnitude of complex numbers so
that they can be linearly ordered. Every complex number has a
square root which is also a complex number. Hence the postulates
of the law of trichotomy cannot be fulfilled.

Norms and absolute values.

The product of two conjugate numbers, z and Z, is called the
norm of z, n(z). n(z) =n(a + bi) = (a + bi)la - bi) = a? + b2,
The absolute value, or modulus of z, denoted b ‘Izi is the non-
negative square root of the norm. fz[ =/ a2 + b2. The absolute
value of a complex number is always a real number.

There are two important theorems which are stated without proof.
The norm of a product is equal to the product of the norms of its
factors. Symbolically if

z,=a+ bi, z,=c+di, n(zizz) = n(zl)n(zz) =(a? + b2)(c? + d2).

The absolute value of a sum of complex numbers is less than or
equal to the sum of thefabsolute values.

,21 +z, +23[ < Izll + lzzl + lzal

The symbol i in Multiplication.

Let us examine by simple examples the reasons why the symbol i
is useful in multiplying two complex numbers. By definition the
product of (a + bi) by (a + bi) has the modulus a? + b2. Byactual
algebraic multiplication with the usual convention about i and
i2, (a + bi)(a + bi) = (a? - b2) + 2abi. The modulus of this pro-
duct is the square root of [(a? - 52)? + (2ab)?], which is a? + b2
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as required by the definition.

In multiplication the angles are added. Let the argument of
a +bi be ¢ whose cosine is a/(a? +b52)% and whose sine is b/(a?+b2) %,
Then the argument of (a +bi)2 must be 2¢. Entirely independent
of complex numbers it can be proved that cos 2¢ = cos?¢p -sinp
and sin 2¢ = 2 cos ¢ sin ¢. The complex number (a2-b2) + 2abi has
an argument whose cosine is (a? ~b2) /(a? +b2). But this is
cos%) - sin’¢p as required. The sine of the argument is 2ab/(a? + b?)
which is sine 2¢. The use of the symbol i answers the purpose
exactly. ‘

Similarly algebraic multiplication shows that (a + bi)? =
(a3 - 3ab2) + i(3a?b -b3). The modulus of this complex number is

[(&® -3ab?)% + (322 - b3)2) 2
= (a®-6a"2 + 9% %% + %*b2 -ha2b* + b6)E = [(a? + b2)3]%

exactly as required by the definition of multiplication. The cosine
of the argument of this complex number is

(a3 - 3ab?) /(a2 + b2)3/2 =

a 3 a _
4 [—————(a2+bz)é] -3 [___——(a2+b 2)i‘]--ttcos¢>— 3 cos ¢,

Independently of complex numbers it can be proved that this is
equivalent to cos 3¢, the argument demanded by the definition of
multiplication. Similarly the sine of the argument is

(3a2b - b3) /) (a2 + b2)3/2

which is equivalent to
3 sin ¢ - 4 sin’®,

and this in turn is equivalent to sine 3¢,

Applications to trigonometric formulas.
From the definition of division
(cos @ + 1 sin w)(cos @ ~ & sin @) = coslw - @) + i sinlw - @),

By multiplications we have

(cos @ cos @ + sin @ sin @) — i{cos w sin @ - sin w cos @) =

coslw - P) + i sinlw - ).

From the definition of equality of complex numbers
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cos(w - @) = cos w cos @ + sin w sin ¢.

sin(w - ¢)

cos w sin @ - sin w cos P.

Set ¢ = ~ ¢,

cos @ cos ¢ ~ sin @ sin P.

cos{w + @)
Set w = ¢,
cos 2p = cos¥p - sin%p,

Since sin?¢ = 1 - cos%p,
cos 20 = 2 cos’h ~ 1 and cos 2¢ = 1 - 2 sin’p.

Notice the ease with which trigonometric formulas can be obtained!

Application to uniform angular motion.

Since i rotates a directed magnitude through 77/2 radians counter-
clockwise, we should logically expect that (-1)Y3=(;2)1/3=i2/3
should rotate a directed magnitude through 7/3 radians counter-
clockwise. (-1)1/% = (i2)1/% = §2/% should rotate a directed mag-
nitude through 7/4 radians, and i2/n = (cos 7/n + i sin afn). If
n =1, i2/™ is the operator which rotates a directed magnitude
counterclockwise through one radian. A directed magnitude with
constant modulus is rotating with a constant angular velocity,
w = 27f radians per second. Time in seconds is measured from T.=0
when the directed magnitude lies positively directed along Ox. At
any subsequent time, T, the directed magnitude will have traversed
«f radians

(i2/™)*T= (cos wT + i sinwT) = (i2/M)2"fT = 4T,

Let z = (coswT + i sinwT). The right hand side of this equation

is an operator which rotates a directed magnitude through «T radians
per second, counterclockwise. This is a fundamental equation for

uniform angular motion. Its real part is the projection of the

directed magnitude along x' 0x, the axis of reals. Thus the real

part corresponds exactly to the usual formulation of simple harmonic
motion as the projection of a uniform circular motion on a diameter.

(cos wT ~ i sinwT) represents clockwise or negative rotation. When
the rotation of z is given as a function of time the operator ¢ is
thus changed towT.

Demoivre’s Theorem.

A French mathematician, Abraham De Moivre (1667-1754), who left
France after -the revocation of the Edict of Nantes and settled in
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London, has attached his name to an important theorem, given tos
day in the form

(cos @ + 1 sin P)" = cosng + i sinne.

n is an exponent, integral, rational or irrational, and either
positive or negative. (The derivation for integral n, positive or
negative, has already been given in preceding paragraphs).

This theorem is so thoroughly covered in texts that only one
basic proposition depending upon it will be briefly considered. Let
n be a rational integer.

b + 2mk + 27k
ri/n [cos¢—-—+i sinqs——], k=0,1,2, ..., (n -1).

n n

By giving k the assigned values n complex numbers are obtained.
If Rk =n a complex number is obtained with the same amplitude as
that obtained by setting k=0. If k = n + 1 a complex number is
obtained with the same amplitude as that obtained by setting k =1.
Since the modulus r is a length, it is a positive real number (or
isomorphic with a real number) which therefore has one real nth
root. The modulus is the same for all n complex numbers. The ampli-
tudes of any two of these complex numbers differ by less than 27, so
that no two of them are equal. Hence each represents a different.
complex number. However the nth power of each one of them is the
same complex number. r(cos ¢ + i sin @), since the values of ¢ are
restricted. Owing to the periodicity of the trigonometric functions
involved no new complex numbers can be obtained by giving to k
values greater than (n - 1). The conclusion is that any complex
number whatsoever has n different nth roots. It can be proved that
every complex number has n and only n nth roots.

This fact has some interesting consequences. For example we have
already seen that if 213 = 123 , z, is not necessarily equal to z,.
In complex numbers two unequal numbers may be the squares of each
other, i.e. z; 7 2,. 2z, =z, . z12 = z,. For example

-1/2+ivV3/2 f -1/2 - iv3)2.
-1/2+ (V3i)/2= (- 1/2 - i /3/2)2.
(- 1/2 + v/3/2) 2= -1/2 - i V3)2.

Of course this is a specially selected case but this is never pos-
sible in real numbers. And again

(ViD(VEp) AVaT,

for every z, and z,.
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Applications of De Moivre’s Theorem.

There are theorems which assure us that all the real trigonometric
identities